The therma? yepreseulation

ol conlormal Cadder mlegmds

Ta $505 Pe} to'—t
AUTh.

Ba é]ﬁau 6-]'75“3 §€wiwa’l/5

5] 12/25
O Some Cor/hlex":
“Thermal 2ot Lunelious . in . CFTs
id
]Z N
Plrol
P (0,01 ‘)g ............. MO £ =
0 Zreeg : ?(C-Pé,—)%\: @ (e, %)
= e
9¢ X X



For 6<Lvr <@g ><&,>: _‘Zf_'_rrtgzsésl-{]

bz

s Art
LP(rolplo017 = -—-[L+ (_) C5 Ccmé?J

Q For mass¥ess free field

Questiou. . : :
Ag . — 245 S=dr Lol
How does %
il evoéwe_? L 01447 Conserved z’tngOf—SPM
carreuds ontridbuile.

Ts ”\ere a SW\oolLl de_-poma-lfoq

1o the Free Nalues ?

Y,

L

<Ce(r19]q(o,o]> = == [L 1 Z

(/@ r 2 Ji] 2&%
5

G

By (4
= ng J/Z,i
2 Cj (8]

% Clcwsé7):0 => Jthe {ree Zpt

!

Punctiou 5a4r9£?es: U <c9(x]ce(ov>—— ]

The iuiesm béﬂ. o(e-Porma—Li OU:




4

s d D(J-’_I_ b
KSD it[ngTOFQ

N4 /A
d-1 1 ipé —
N = Salz: So(x [lD,,{li-} m‘llw} 1 P (e2, X = ep @le, x|

o

D?‘: Qr—i/lf,z 4[4:{/4,-0_7)

We o%—]—aim’.
SN2
2) C, (@8] ¢ ”ﬁ,dm{(

-6
The spectrum s el

L
<CPj((T‘lQ]CE(0,0]> = — );'L b
Y?Ae

AQ5: J—Q-F 54-‘2":'
5,te 7 ealars with

Ar= Ak, r=t2...

Note:
_The TP{‘ \[’uVIC-}(OM 15 no &uger a éreeu's 'PL(MC-ll'oq




ot the Laplaciau, due +o higher fwists aud snadows.
N CFT—é’ke[ despite beiug massive,

The vesudl for dhe H?g&er—spm Coutti bt ous:

L-135

i T (L= Z 2" 12l (21-245-n7!
aQ(z-li] L -zs G R R G
5 T (L+s~;) (4n] lemstes .
S sk
£ : CIES AR <27]
d=2L+L ; [ )— e z‘21.—/.-ILS-14

To Cowpée-lg —”pe_ Cou-lex-f-l we Caécaéa-le the
hermal partitiou funch ou —s Free euergy.

i
£ = SSB?_ &
L
V.7 3 (n 1 (2balel) Z(ﬂ-w\'- (2 bula) 2L |1, G
ZE - UHM-y
5 2(2L+11! o

This means that one cou caleulate thermol dpt Funchiou
lahus appropriate dervatives of the above.
We cau do that for Qg ~ <1€17  aud a;raé‘zcw
oo bud el us wdroduce some notadiow 4o hedp us
with Hhe global emergiug picture...



@ Notlatious

A simple but appareutdy overlooted property of 1he
Lree enorgles JuZ, (23] 15 the ﬁo/éowiuga

The pareut quautuwm mechanical moded.
Consider the Hamidloniau.

A
I S l ’L, s A 2 A A
H: ap = + mZ(X +'7<7_—)-]-LP(P17<2_P2XL)

A VAR
= H,+ m/0)+ M8

uﬁiuj au appropﬁcwle Se} oﬂ Creavlioq/ani%i(af/wvf opem'720r5

1404"!”115: M(NN/:}Z*” /\7 4-{-
é = ,’\\/L_/:?z P b L/

—
-

We caleulple the thermal pardition Luncliou

—é(d,, O
_Zb:—rré’. i 3

s ’i o em (e 1)~ (np-n,.)

MMz

Q&«l%(-&a_zz_&x(t-ij

f

e i i i)



N ext de+tiue:

T |- Q 1 o
D2:_Z—"1: CZ—Q;-P?Q:?
g am 2l

+o obtain

A A 2
<O(?-fi7>0 e 4 DZ_*Z//(;ZOC‘-Z-,i ] = e T
74 e e

% A
<&(¥¢77>D = L;* &JZOCZZ-,?) = Zar
IL—21*

Nole:

These are harmonic Lunclions ou 4he opeu disk
aud the upper ]'la@ Péane, -la}:iug constaut Vaé/eg
at the bouma(avj

F_VOM [uZo -10 &ZL

lemarkably, using the relativishe cue-parhcle
densily of states

Y Sy

TR S

2 i
w(w—m]
(=111

7
?L(W;M}K]Z




we obtaiu:

: &o
ZENCHTSE Sa(w o (wim 1 Yu 2o (2,7
m
o(iL 121
=il l
& (L—L?fj l?‘( //@121 lital] LZ G

o

The precise vesult 1s:

b, 3282 L b (22)

A bil more notatiou

_The C!bO"(Q f@TMU@@Q can be T'QCQQ"I' as 743171'1'@4 im-(egraés

(204
&Z(am:(—n‘”gm;ﬂgﬁ ”uzlwlz 1]@% @iz

Lhe iukgra& are ordered as 641214 12,]--- $12,0212]

De_fime_ the hhlcgraé opa—a-]—or



such +hat
Z,( £,(22] = i 0(2.'21_; -- % ;(2{121* b Z,(2,2]
= [‘ ;];2'* ZU Zo C?c,zéi-'

“There 15 yewl another sel of funclious that
we cau oblaiu from &Zo@fi].

Lo 5 (-2
X
= i P i e
(z-2) ( 5 Lz>$ ZJ-Z 2,2 T\ T
k€Z+ = ﬁ:Gfﬁ}

The porameter v 15 the depth. 11 1s Tarsed as

B D: (2 = D22
with



5 ummm‘j o+ no+a470u 5

We l‘la\le_ cie'(-\'ll/leo( difperwiiaé cuxa( fu—lesmé opelt:hlf)\fs
lhat act 6u &(Zoczli)

lol Gz 2l=Sitzal="1tulal- L2 L2
lw?,(z31= D22

—p. o
I‘(kl(i“_ﬂ = ?)f (32)= [Lz]k" luZ, (2]
(L-?lu

D L2621 = duZ (27)=- <002y
[l 6a = LQGaY,

dyir b2 G =~ W ?, (R

O Covvl?orwmé 4[20(0(&‘ iulesra@;

“The fo%wiuj cass o L-loop lpl iu4egraés iu 0=2k+2 dims.




2L

(o

I(XL, = “

1

Qk+?

g e

are omnip‘r%m% m CFT caéca€a4iou5

(

n=

nml Mﬂ { V\l l‘K—L-qu lxh‘ﬂuli

e i et

Nk

314, 490,3 coundiu o pammel—ﬁr

ﬂom cowl:'ormaQ invariance we }\me:

aud

Z«‘m

[7( _I (%y,. Xf-ﬂ]
?X 3433 wut.‘%

Tu :HM‘; él'm’l’l‘

L
BN e
i (((-ﬂ (<31
Sc hew\a—l-i Ca-égY
ara

o ‘ X.z =

537

R e RS St :

. ,
:::::::
\\\\\\
‘‘‘‘‘‘‘‘‘‘‘
sssss

:
49

7 )

6o ©6 O 0 o O

Vv

=

(3
£,a3)

.:1.1. {F



Al J
Ki—>7

Xq_—%w

Xy —> L T e e —

Xq—90

A yemarkable vesutt by Tsocev, usiug cguepormaﬁ quaurtum mechanies

yieUs:

—kt

RS s L 2 -1
ZLCJ,:;} = LAJC 2 (k- bal31) [+ (224 |2))] mt

Usinj 1he cloauﬂe ol Yariabées

! vO / ’
T -ies s ol tu il

131

' e Bl et
g %7@(:{1(&,111-51117L P, (1,77

T he correspondeuce

SeHmi

Jes2 : ‘324———?‘1

wWe cavy map H'\e -l-herMa@ «Gree €nergics 1o

Cov\«PorWlaQ QOAACJ‘ Sraphs s,



_)_E(:u]-——-@ CraiEe

-1

\

: - )_— "lz ?_l* D—

“ Tl b -7

N S T

s m\nlmg Porm of the abeve is:

: 2 LSRN 3
, @LCI,’H = CD—————LI
SRR SRS ’. %DCQ,FZ.
Schematically
0 1 2 3 k=
a (0) iil) 122)
@ o Lo g
—dz;z’ \ —&z;z’ I c‘iz:z' \ &2;2' \
i i L.
R
—&z;z' \ —&z;z’ I _&z:z' \ _&2;2' \
iiO) i‘il) i‘f)
Py D} D} )
—(iz-zr —&z;z’ I _&z;z' \ _(iz;z' \
i i i,



Tl’le Jif@ercurhaé €q ua—hoq

The L\(A\AC_‘l’iOM& ?)Z:C-’l.?ll sae-l—rs—CY a ﬁami&ar"&"ki”ﬂ

dtffevential equation. — abier some caleulatious:

: ;
: A A l
: (’LILZZ Az — L0g + k(1] (;i]“); ?)i@.,'ﬂ:o

A

A, =48 27095

Tor L=0 (d=t, quawtum mechanics ), this cotncides with
-Hne e.o.d. o«c Qa SCaéar -FMZA I} Eucéiof’eau /40(52 'm—ﬂ{ meqlrfc

e
s Gl

cud Mass
U= ¢ ke
Heuee, BE(mp1 are bull-to-bouudeny propagators
bl Gl ol G, e e bl
bdy of AdS.—at m=0 (g=11-with scaliug dweusim k.



@ Reca P

Conformal ladder integrals Thermal one-point functions
Dimension D D=2k+2 Depth k
Loop order L d=2L+1 Dimension d

Spacetime points z; = (0,1,2,00) z = e PmiBK Mass m, chemical potential
2
2 _ !
4732

Dimensionless coupling g2 g2 = a? Geometric parameter o

® DBack lo Yhermal Zpt x\?umc‘houg

1t appears thedt we have OMY managed lo evaluate

the spw-zere aud spiu-one lhermol {Lpt Lunctious.

e S
ac?o(?'.'ﬂ“ (HT”L o(*zL 1-L

as (33] = S (23)
R ! (s g =

\NL\al- about Hne (-pjr fumlloms o'ﬂ Z’ﬁgz'l(f*spiw Carr@ulS?

N (] '1'@,'. Qo‘.w\aé

co

The massive Jheories we consider do wot hcme_AHS curreuts |

Howevor‘ -HAe_ 'HIQT‘WLQQ Expemns o 'reqahre—s -Hne_ pPreseuce

o-ﬂ ” 5 Com-@or‘maﬁ Cunreu',-s"

50| wheve a;s covrespoud Jo?



-[14 the free theortes, wWe cau coms-lruc»]- eﬁP@ld-}gy
e symme’lric, Yraceless aud wusered coutormed H#S
Cuweuf‘rs -kul 6N€ rse —l—o -Hae 'IM- fumchom a;s,

Q;m: CE (O-M]h—-- (O—LA]PSQ AT e, — e

with

Q

— (&) G, = Hraces]

Ne\c“l o Jreoqious caécuéa-hoq 8Ncs -H/ne Yecursine *regal—toq

d d+2 1 d
by = A(dsgs] L,Q + @m] bQS

52 5
o €qui vol ey J-ZY

L :
LIy o TN & g (2%)
5 (21-1425] (2L L+25] 5

L =
Qsﬂrz T4 N

The dervatiou 15 QOSSiMQ dve o the ec(uallou of motioy

("J— LA]?.CB =g m‘ICP



The resutd shows thed highcr—spm sperators are delermined

]m{ Zower—spiu opemJavs v l’lig'}\cr dimeusious .

E-vwl—uaéévl -H\c l—he_r‘nmz LP"' £uvx<:4—l014 oﬂa h?glte.lr—spfw

operator 15 qnes as a sum of scalar (or spiu-ove]

-l—b\e_*rwme qu- Lunchous iw l'ligfner—ohmeuswub_

S . .
® Harmonic oscillator
4 A
3| X X X
/ \\ / \\
// N / \
/ \\ / \
II \\ 'l \\
\ \
21 ® i @ \ I\ o b &
AN o W \
% oAl | W\
\ %N %k AN 5
X N \\ ™ & \M\\ \\ b \
DY X R "84
1 X¢ —X =5 X —=— X
\ ‘\I% O
/ \ / \
/ \ F \
" N/ N
0l | —— - *~— ® >
~ Db ' p 2 p 3 L

@ The hyper—partitou funchou aud e al’- Zoop resummaov

Led vs defrue the L\er— parkliou funchou aud

lhe covvespon dlug Llyp&r-— Pree euergy @s:

I o & I



Z(z3, 4= T 4.3
=

o

e

L=o

The latter satisbies:
5luLLMMI

P e e s
Qg (osh (41~ 25 (8]

Tlms Caw be lu-legra’(co( as. d;’vergéwl-

e O 7
b2 (m iy 2) = laZalmp] + A ¥ ACN 4

AR N9

2 W 9
o gdw Dl
™ wh (bl - o3y ]

_l-'l’\e cwaéy-]»rc wul’imuavl—lou L — 1K eraa CDW{‘ro-éahéZ
vesulhd aud i+ YE_QE'VamJ( —Por the resummat-l'wu of
éaﬂu@r uHcgra&

H tuce wWe need -”nc 60‘rez Sum o-ﬂ &(Zz_
1, [2¢e{wm®

wWw-mt

] LuZ (m ]

0 . e
Z {7&421_(“(#; R e (uz,(mlph L€ jqw/w
S

M



The veplacemeut «—>ig gives

iun (€
4“4de 10(734170—"77 M—
™ 403'24/&07— 103(4747

Now +he Aivagoucc comes, ovuéy Prow the vacuuw euergy

w . lut, (w, ],
1L we waut Jo oblaiu the vesutl Por D=l = v=1

aud we appé«f Lq jus-) ouce. We 3&:

ub (4w
T 254] S d L e
2021 2l (23 ? (Cosméuﬂ - %(gﬁ))z

a result Pirt obiained ))Y Bvom(}larmlcw,{ l?avydychex. (%LQ]

Oulloo L

ACT-Yike vesuth: the conforma? cross rattos it
are dewh lied with moduli (i instautou moduli] 2,7

The Rorel sum of Lree energles 15 remintsceut o f

s} ae_nus expansiou.

Consfo(er other a(e.-()orwa-lwuﬁ of 'H’le ma%&;s cprc,e

' | 3 u [N



™Wéonct €94.9 — eou T @ =@,

m  Docs the LS coudition of thermal 2pt Lemchtony
alleet the thermald Lot Punchious?

mm The secoud order dileveutml qquatiou obeyed by Dl (2]
05 closely related to diPlerential equatons obeyed
by mo dulav ‘Pol&‘—”ns comects thermel [pt femchiows
bo shrug amplitudes.

‘Iulrcgmlat@il-y studies: our /bg »Jl\_z operators have beey
wsed 4o show a Toda-lile slruclure ot ladder fu*c;jmgs
aw! aéso H/\e au-l'fPoAaz symmrhg eb“Z éom«g:nuaf &J/a/ ﬁnths.

What about couformal twariauce oL Hhe therwal #‘emff?
For qeneml (m 4] Hus 15 not a thermal CFT,
Comlzorma@«'l\[ ts dedermined by the gap cquatiou,

d-1

|
(Cg(clB]ceCo,B]>: s QZ(E] e l Aq_,:"’é-L
t.fée (&
ba
= A B (E.\ %
£ ety

13 dwvws oul (re iy &rde- N veclor medels ) hat
lhe operator Cél dro ps out from e spechumt at

e non- 4TiviaQ cridical poiu'/. This Qives  ayu
algebraic cquation for 4w (asuwe egq fu=o).



L=1{, d=3 : b+ L (1~ e_éw )=0

5 - ow —&wu
E=gsde o 'E(Zwﬂ-} L;b(eg ] 1+ b L{zfeé | =o

We Cearu ku‘ -Cor d=3 -J-he nou-+rivial TET rs
S-]OB& Crm€ so&(-plrov{ «()or &u), w}n’/e ﬁ,, J:g
s unslable (towpblex soluitous).



